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DEFINITIONS Let f be a function with domain D. Then f has an absolute
maximum value on D at a point ¢ if

J(x) = f(e) forall xin D
and an absolute minimum value on D at ¢ if

flx) = f(c) for all x in D.
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‘Maximum and minimum values are called extreme values of the function f. Absolute
“maxima or minima are also referred to as global maxima or mimima,

For example, on the closed interval [ —7/2, /2| the function f(x) = cos x takes on
an absolute maximum value of 1 (once) and an absolute minimum value of 0 (twice). On
the same interval, the function g(x) = sin x takes on a maximum value of | and a mini-

mum value of —1 (Figure 4.1).

y = sin x

FIGURE 4.1 Absolute extrema

for the sine and cosine functions on

' —ar /2, /2 ]. These values can depend
on the domain of a function.
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EXAMPLE 1 The absolute extrema of the following functions on their domains can
be seen in Figure 4.2. Each function has the same defining equation, y = x%, but the
domains vary,

Function rule Domain D Absolute extrema on D
(a) y=x* (—o0, o) No absolute maximum
Absolute minimum ol O at x = 0
M) y=x? [0,2] Absolute maximum of 4 at x = 2
Absolute mmimumofOat x = 0
(¢) y=1x° (0,2] Absolute maximum of 4 at x = 2
No absolute minimum
(d) v=x’ (0, 2) No absolute extrema
T Sl [
=
}* ‘ -= .Ili-H }'
D = |0, 2]
X
2
(a) abs min only (b) abs max and min
N7
‘I‘ — .1" }-
D = (0, 2]
X > X
2
(c) abs max only (d) no max or min

FIGURE 4.2 Graphs for Example 1.
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THEOREM 1—The Extreme Value Theorem

It f is continuous on a closed interval [a, b |, then [ attains both an absolute
maximum value M and an absolute minimum value m in [«, b]. That is. there are
numbers x; and x, in [a,b] with f(x)) =m, f(x,) =M. and m = f(x) = M
for every otherxin [a, b .
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The reciuiremen{ﬁ in Theorem | that the
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FIGURE 4.3 Some possibilities for a continuous function’s maximum and
minimum on a closed interval [a, b].
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FIGURE 4.4 Even a single point of dis-
continuity can keep a function from having
cither a maximum or a minimum value on

a closed interval. The function
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{x, O0=x<1
0, x=1

is continuous at every point of [0, 1 | ex-

cept x = 1, yet its graph over | 0, 1 | does

not have a highest point.

DEFINITIONS A function f has a local maximum value at a point ¢ within its

domain D if [(x) = f(¢) for all x € D lying in some open interval containing c.

A function f has a local minimum value at a point ¢ within its domain D if

f(x) = [f(c) for all x € D lying in some open interval containing c.
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No greater value of fanywhere.
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FIGURE 4.5 How to identify types of maxima and minima for a function with domain
asxs b




THEOREM 2 —The First Derivative Theorem for Local Extreme Values

If f has a local maximum or minimum value at an interior point ¢ of its domain,
and if ' is defined at ¢, then

f'(c) = 0.

Theorem 2 says that a function’s first derivative is always zero at an interior point
where the function has a local extreme value and the derivative 1s defined. If we recall that
all the domains we consider are intervals or unions of separate intervals. the only places
where a function f can possibly have an extreme value (local or global) are

1. interior points where [* = 0, A\l x = cund ¥ = ¢inFig 4.5
2. interior points where ' 1s undefined, At A = o in Fig, 4.5
3. endpoints of the domain of f. M =@ and x = b in Fig. 4.5

The following definition helps us to summarize these results.

DEFINITION An interior point of the domain of a function f where f’ is zero
or undefined is a eritical point of f.

Slope is zero, but the b ;
function does not fit A 3
definition of critical vV = X
[ =
f’fﬁd—- o AN
I
I . fl l » A
L <0 . 1
_] » Restricted
Domain

P N

Slope is | -
undefine
d\ rlf}
| > X
|

(b)

FIGURE 4.7 Critical points without
extreme values. (a) y' = 3x?is0at x = 0,
but y = x* has no extremum there.

(b) ¥ = (1/3)x *? is undefined at x = 0,
but y = x!/? has no extremum there.



EXAMPLE 2 Find the absolute maximum and minimum values of f(x) = x* on
:_25 l ]-

Solution The function is differentiable over its entire domain, so the only critical point
1s where f'(x) = 2x = 0, namely x = 0. We need to check the function’s values at x = 0
and at the endpoints x = —2 and x = 1:
Critical point value: f(0) =0
Endpoint values: f(—2) =4
N1} =i
The function has an absolute maximum value of 4 at x = —2 and an absolute minimum
value of O at x = 0. B




EXAMPLE 3 Find

the absolute maximum and minimum values of f(x) =

10x(2 — In x) on the interval |1, ¢”].

Ha (e, 10¢)

|11 |
P 2 3 4 5 & T 8

FIGURE 4.8 The extreme values of
f(x) = 10x(2 — Inx) on [ 1, €*] occur at

X

Solution Figure 4.8 suggests that f has its absolute maximum value near x = 3 and its

= ¢ and x = ¢° (Example 3).

absolute minimum value of 0 at x = ¢°. Let’s verify this observation,

We evaluate the function at the critical points and endpoints and take the largest and

smallest of the resulting values.
The first derivative 1s

1

i) = 102 — hhix) — l[h'(i) = 10(1 — Inx).

The only critical point in the domain [ 1, €*] is the point x = e, where In x = 1. The val-

ues of f at this one critical point and at the endpoints are

Critical

point value: f(e) = 10e

Endpoint values: f(1) =102 —=Inl) = 20

We can see from this list that the function’s absolute maximum value 1s 10e = 27.2; it
occurs at the critical interior point x = e. The absolute minimum value is 0 and occurs at

f(e®) = 10e(2 — 21Ine) = 0.

the right endpoint x = ¢°.



EXAMPLE 4 Find the absolute maximum and minimum values of f(x) = x*? on
the interval [ —2, 3 |.

Absolute maximum:

Local also a local maximum
maximum 2

: ' > X

=2 =1 U\i 2 3

Absolute minimum;
also a local mimimum

FIGURE 4.9 The extreme values of
f(x) = x*3on [—2,3] occurat x =0
and x = 3 (Example 4).

Solution We evaluate the function at the critical points and endpoints and take the larg-
est and smallest of the resulting values.
The first derivative

2

3IV/x

2 .
J‘"[,I} - ix—].;".?- _—

has no zeros but is undefined at the interior point x = (. The values of [ at this one critical
point and at the endpoints are

Critical point value: f(0) =0
Endpoint values: f(=2) = (=2)*3 = V4
f3) = (3P2 =Y.

We can see from this list that the function’s absolute maximum value is V9 =~ 2.08, and
it occurs at the right endpoint x = 3. The absolute minimum value 1s 0, and 1t occurs at
the interior point x = 0 where the graph has a cusp (Figure 4.9). =



Finding Extrema from Graphs

In Exercises 1-6. determine from the graph whether the function has
any absolute extreme values on [a.b]. Then explain how your
answer is consistent with Theorem 1.

l 1 I > | | I -
0 a ¢ b 0 a ¢ b
5 y 6. v
A A
y = g(x)
. y = g0
| | | 5% ] [ %y
() a ¢ b () a C b

In Exercises 7-10, find the absolute extreme values and where they
occur.

7. y S. y
A A
2
1 O
/- > X
-] 1 > X
—1¢ —tZ 0 2
=T
9. y 10. y
A A
5 8 (1, 2)
> X
—1
e X
0 2

In Exercises 15-20, sketch the graph of each function and determine
whether the function has any absolute extreme values on its domain.
Explain how your answer 1s consistent with Theorem 1.

15. f(x) = x|, -1 <x<?2
Iﬁl iy = - 6 3 _l "‘:‘: X {: I
' b aaes )
5 —y U=x 1
17 — ’
gx) {x—l i = g4
|
X —] = 5 < )
18. h(x) =



Absolute Extrema on Finite Closed Intervals

In Exercises 21-40, find the absolute maximum and minimum values
of each function on the given interval. Then graph the function. Iden-
tify the points on the graph where the absolute extrema occur, and
include their coordinates.

21) f(x) = 2x =5, ~2=x =3
22 )= =g, A& gs TS
23 f(t‘) = Rt — 1l: =l &8 g 2\

d ————

M. f)=4—x3, —2=x=1

r s

28. h(x) = —_Bﬁﬂ, -1l =x=1
29. glx) = V4 —x2, —2=x=)
30. gy) =—V5—x%, —-VS=x=0(

i _m ST
31. f(f) = sin 6, , s = 6
32. f(0) = tan 0, —%T EP{? — %

9,

33. g(x) = csc x, % = XS “*3'?[
34. g(x) = sec x, —g = x = %
5. fi=2= 1, =l=p=3
36. f)) =t —5|, 4=1t=7
37. gx) =xe¥, —1=x=1
38. i(x) =Inx+ 1), 0=x=73
39. f(x) = 'lf + X 03=x=9

e

40. g(x) = E_*‘:, —1 = ¥ =

In Exercises 41-44, find the function's absolute
maximum and minimum values and say where they
occur.

41. f(x) =_.r“'ff3. -] = Xx='8
42, fiH)=xL, —1 =x=<78
43. 2(0) = 933, —-32 =0 = |
44, h(B) = 30%°, -271=60=3§

A

A

Finding Critical Points
In Exercises 4556, determine all critical points for each function.

45. y=x" —6x + 7 46) f(x) = 6x2 — X5

7. f(x) = x(4 — x)° 48. g(x) = (x — DA(x — 3)?
_ 2 2 .

49. y = x~ + ¥ 2. f(x) = ——

51. y = x2 — 32Vx 53, #0) = Vo — 2

53. y=Iln(x+ 1) — tan"' x Hk54 yo= 21 — 22 + sig~l x
55. y=x+3x> —24x +7 56. y = x — 3x?/

-

Local Extrema and Critical Points

In Exercises 57-64, {ind the critical points and domain endpoints for
each function. Then find the value of the function at each of these
points and identify extreme values (absolute and local).

87, y= 3% + 2) 58. y = x*P(x* —4)

59. y = x\V4 — x? 60. y = V3 —x
4 ~=2x X=]

{.1' += 1. =]

61. v

|

62. y =

—x2 —2x+4, x=1
63.;,-:{ A

o4, v



