Practice problems for sections on September 27th and 29th.
Here are some example problems about the product, fraction and chain rules for derivatives and implicit differ-
entiation. If you notice any errors please let me know.
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1. (easy) Find the equation of the tangent line of f(z) = 22°/2 at x = 1.

Solution: The derivative of f at x = 1 is f/(1) = 3 and so the equation of the tangent line is y = 3z + b,
where b is determined by y(1) =3 +b=2,ie. b= —1.
2. (easy) Differentiate f(x) = e*//x and find the equation of the tangent line at z = 1.

Solution: The derivative of f is
e*\/x —e* [(2y/x)

T

f'(z) =
and at x =1, f’(1) = e — (e/2) = e/2. The value of the function at = 1 is e, so the tangent line has equation
y = (e/2)x + b, where b is determined from y(1) = (e¢/2) + b =c¢e, i.e. b =e¢/2.

3. (easy) Find the derivative of f(z) = (2?sinx)/(2% + 1).
Solution: This is a straightforward application of the quotient and product rules for derivatives:
(2zsing + 22 cosx)(z? + 1) — 22%sinz  2xsina + (v* + 22) cosx

f'@) = (z2 +1)2 = (z2 + 1)2

4. (hard) Calculate f(™(z) for f(z) = 2" e” at x = 0.

Solution: The n derivatives will produce a huge number of terms but after evaluation at x = 0 all with any
2 in front will vanish. Hence the only contribution to f’(0) comes from the term where we have differentiated
2™ n times (giving n!):

™ (x) = nle® + (terms which vanish at z = 0).

Therefore f(™(0) = n!.

5. (easy) Differentiate f(x) = sinx cosx tan x.

Solution: First notice that the function is f(z) = sin?z. Then using the product rule or chain rule f'(x) =
2sinz cos x = sin(2x).

6. (medium) Suppose f(z) is a twice differentiable function satisfying f(x?) = f(x) + 22. What are f’(1)
and f”(1) ?

Solution: Using the chain rule we get 2z f/(2?) = f/(x) + 2z and 2f'(2?) + 422 f"(2?) = f"(z) + 2. Plugging
inz=1gives f/(1) =2 and 4 +4f"(1) = f"(1) + 2, i.e. f"(1)=-2/3.

7. (easy) Differentiate \/z cot .

Solution: The derivative of cotx is —1/sin®z and so

cot x N2
2/r sin’z’

(Vx cotx) =

8. (easy) Differentiate f(x) = exp+vx + 1.
Solution: Write u(z) = vz + 1 so that f(z) = expu. The chain rule gives

Y Y T R U
dr  dudr 2y 2z +1

9. (medium) Differentiate exp(sin(exp x)).
Solution: Let v(z) = expx and u(v) = sinv. Then f(x) = expu and the chain rule gives
ﬁ _df du dv

9r = dudodw =€ cos(v) e® = cos(exp x) exp(sin(expx) + x) .



10. (medium) Differentiate f(z) = {/sin /.
Solution: Let v(x) = ¢z and u(v) = sinv. Then f(x) = u and the chain rule gives

df _df dudv _ cosv 1 cos J/x

dr — du dv dx — 3u2/3 322/3 9 (xsin ¢/x)2/3°

11. (medium) Suppose the derivative of Inx exists. Find it using the chain rule. Then show that the
derivative of 2" is r 2"~ for any real number r.

Solution: If the derivative of Inx exists, then since exp(Ilnx) = z, differentiation using the chain rule yields
(Inz) exp(lnz) =1,
that is (Inz)’ = 1/x. This is indeed correct (since the derivative exists). Now 2" = exp(r Inz) and so

(") = r exp(rlnz) =raz" 1.
T

12. (hard) Using (Inz) = 1/z, differentiate the function f(z) = x®.
Solution: Write f(z) = exp(zlnz). Then the chain rule and the product rule give

f'()=(Inxz+1)exp(zlnz) = (Inz + 1) 2.

13. (medium) What is the equation of the tangent line of the curve zy® + 22?2y — 23 +y+1=0 at z = 0?
Solution: The curve passes through the point (x,y) = (0, —1). Using implicit differentiation, we get

y° + bryty’ + day + 227y — 32 + 4/ =0
and at (z,y) = (0,—1) this becomes

-1+4(0)=0,

i.e. the slope of the tangent line at = 0 is ¢’(0) = 1. Since the tangent line passes through (0, —1), its equation
isy=x—1.
14. (medium) Find the derivative ' for the curve 2% + y? = sin(zy).

Solution: Using implicit differentiation we get
2¢ +2yy" = (y + zy’) cos(xy)

from which we can solve
y'(2y — x cos(zy)) = ycos(zy) — 2z

and further
, x cos(zy) — 2y
y =
ycos(zy) — 2x

15. (medium) Find the points on the graph of 2°/2 + 4%/2 = 1 where the slope of the tangent line is —1.

Solution: Implicit differentiation gives

) 3/2 5 3/2, 1
et et =0
23: +2y Y

and further

232

Y =5
y3/2

5/2

This is —1 when y = x. Finally inserting y = « into the equation of the graph we get 22°/¢ = 1 from which we

can easily solve z = 272/5,

16. (medium) Find the derivative ¢ for the curve exp(zy) — exp(ry?) = siny.



Solution: Implicit differentiation gives

(y +zy)e™ — (y? + 2zyy)e™ =y cosy,
from which we can solve ) )

Y (ze™ — 2zye™ — cosy) = y?e™ — ye™V
and finally

2
y/ - y2ewy _ yea:y

xe®y — 2xyery® — cosy



