DEFINITION The instantaneous rate of change of f with respect to x at xy 18
the derivative

| o flxg + ) — flxp)
flixg) = Aﬂ 2 ,

provided the limit exists.

Thus. instantaneous rates are limits of average rates.

q r - 1 i 2 b ﬂ

neous rate of change.

Motion Along a Line: Displacement, Velocity, Speed,
Acceleration, and Jerk

Suppose that an object (or body, considered as a whole m

line (an s-axis), usually horizontal or vertical. so that we
a function of time

ass) 1s moving along a coordinate
know its position s on that line as

s = f1).

The displacement of the object over the time interval from 7 to t + Ay (Figure 3.15) is

As = f(t + At) — f(),

wition at time ¢ .. and at time r + Ay

— Ay—— ‘

“IGURE 3.15 The positions of a body
=oving along a coordinate line at time ¢

¥
=}

and shortly later at time ¢ + At. Here the
-oordinate line is horizontal.

and the average velocity of the object over that time interval is

displacement  Ag  f(r + Af) — f(1)
v, = : =5 = .
travel time At At

oL

To find the body’s velocity at the exact instant 7. we take the limi
velocity over the interval from fto 1 + Az as Az shrinks
tive of f with respect to 1.

t of the average
to zero. This limit is the deriva-

DEFINITION  Velocity (instantaneous velocity)
with respect to time.

velocity at time 7 is

18 the derivative of position
If a body’s position at time 7 is s — f(2), then the body’s

0 =95 _ i e+ Ay — £
U8 = di g;lj;ln At '
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(a) s increasing: (b) 5 decreasing;
positive slope so negative slope so
moving upward moving downward

FIGURE 3.16 For motion s = (1)
zlong a straight line (the vertical axis),

™ W —
_

v = ds/d1 is (a) positive when s increases
2nd (b) negative when s decreases.

DEFINITION  Speed is the absolute value of velocity.

s
Speed = |u(h)| = ==
dt
u
s
| I |
MOVES FORWARD r | FORWARD |
[U‘ =, 'lj:l t : AGAIN :
| t { Velocity v = f'(1) : (v=>0) :
I ! |
Spaﬁds__}:_ Steady [ Slows : |[ Speeds :
tp :(u = Eﬂﬂﬁt)l Gown |t : b I
|
| | |
| l |
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I
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FIGURE 3.17 The velocity graph of a particle moving along a horizontal line,
discussed in Example 2.

DEFINITIONS Acceleration is the derivative of velocity with respect to time.
If a body’s position at time 7 is s = (7). then the body’s acceleration at time 7 is

dv _ d’s
dt  dr*

a(r) =

Jerk is the derivative of acceleration with respect to time:

/ di — ar’




3.4 Applications of the Derivative 54 Appictionsor o

Derivative
Physics
sition, velocity, and acceleration 3 2
i e " s(t)=1"—12t" +45¢
s()  5(1) s"(1)
a)Find the velocity at time 1. b)Find the initial velocity and the velocity after 2sec.
§'(t) =31 — 241 +45 §(0) 5(2)
§'(0)=45

(2)=3(2) —24(2)+45=12—-48+45=9
¢) When is the particle at rest?
§(£)=0

§'(t)=3—241+45=0 = 3(* 81 +15)=0 = 3(¢-3)(1-5)=0 =t =3,1=5

d) When is the particle moving forward?

s'(£)>0 Moving forward Moving
Sttt ey (0,3)U(5,) backwards
(0 moving 13 5 moving (3,5)
forward forward

Math 103 — Rimmer

S{F) =1 —12¢* +45¢ 3.4 Applications of the

Derivative
(1) =31" — 24t +45
e) Find the acceleration at time . f ) Find the acceleration after 2 sec.
5" (t)=6t—24 s (2)=12-24=-12
g]W’hen is the acceleration 07 s’(r] _________ A g e
s(t)=61—24=0 =>1=4 _l I
0 4
h) When is the particle speeding up, when is it slowing down?
velocity and velocity and
acceleration acceleration
have same sign have different signs
¢ (1) slowing (0.3) (4,5)
i |++++++| ——— B=s |++++++ > A
s(\t)p———— g=—=gh++abttitt _
slowing ‘g‘lnwi ng speeding (3,4) (5,00)
down speedingjown Speeding up ' ’
up up
s(t)=1 =12t +45¢ 24 Applicationsaf the
Derivative

i) Draw a picture that describes the motion
3[3}:33—]2(3)2+45(3) =27-12-9+45-3 =27-108+135 =—-108+162 =54

s(5)=5—12(5)" +45(5)=125-12-25+45-5 =125-300+225 =50

0 50 54 70

j)Find the total distance traveled by the particle during the first 7 seconds.

0,3]: distance traveled = 54
ol SHENEREIE s(7)=7—12(7)" +45(7)

3,5]: distance traveled = 4 —343-588+315 = 658—588 = 70

5,7]: distance traveled = 20

78

Economics e

Derivative

C (x) = the cost of producing x units of a product

C’(x) = measures the rate of change of the cost function, it is called the marginal cost.
C(x)=0.000003x" —0.04x + 200x + 70000
C’(x)=0.000009x" — 0.08x+ 200

Find C’(3000)and interpret it.

C’(3000)= 2 (3mu}1—h3—{3um]+zuu=9'9’HBH‘BEB—E'3”GH+2{H}
1,000,000 100 1,600;606 160
C’(3000) =81-240+200 =41 C’(3000) = 2¢ _ 2!

Ax 1
When producing 3000 units, if you decide

to produce 1 more unit, cost will increase by $ 41.

The cost of the 3001 st unit

is approximately $ 41.
Actual cost of the 3001st unit = C(3001)—C(3000) = $40.99

Math 103 — Rimmer
R(x) = the revenue gained by selling x units of a product 3.4 Applications of the

Derivative
R’( x) = measures the rate of change of the revenue function, it is called the marginal revenue.

R(x)=-0.02x" +300x

(
R’(x)=-0.04x+300

Find R’(3000) and interpret it.

4-3000

R(3000) =———=+300

R’(3000) =—120+300 =180

When producing 3000 units, if you decide to produce

(and sell) 1 more unit, revenue will increase by $ 180.

The revenue from selling the 3001st unit is approximately $ 180.

Actual revenue from selling the 3001st unit = R(3001)— R (3000) =$179.98




Motion along a Line

Another use for the derivative is to analyze motion along a line. We have described velocity as the rate of change of position.
If we take the derivative of the velocity, we can find the acceleration, or the rate of change of velocity. It is also important to
introduce the idea of speed, which is the magnitude of velocity. Thus, we can state the following mathematical definitions.

Definition

Let s(¢) be a function giving the position of an object at time f.
The velocity of the object at time f is given by w(f) = &' (1).
The speed of the object at time ¢ is given by |v(1)].

The acceleration of the object at t is given by a(t) = v' (1) = s"(1).

Example 3.34

Comparing Instantaneous Velocity and Average Velocity

A ball is dropped from a height of 64 feet. Its height above ground (in feet) t seconds later is given by
s(1) = —161% + 64.

£ - 4 4 - - ! el
05 1.0 1.5 20 !t
a. What is the instantaneous velocity of the ball when it hits the ground?

b. What is the average velocity during its fall?

Solution
The first thing to do is determine how long it takes the ball to reach the ground. To do this, set s(f) = 0. Solving

—16t24+64 =0, we get t =2, so it take 2 seconds for the ball to reach the ground.

a. The instantaneous velocity of the ball as it strikes the ground is v(2). Since v(f) = s'(t) = —32¢, we
obtain (1) = —64 {t/s.

b. The average velocity of the ball during its fall is

Vave — 3(22) : E(U} = 0 364 = —32 ft/s.

Example 3.35

Interpreting the Relationship between v(r) and a(@)

A particle moves along a coordinate axis in the positive direction to the right. Its position at time f is given by

s(t) =t — 4t + 2. Find w(1) and a(1) and use these values to answer the following questions.

a. Is the particle moving from left to right or from right to left at time t =17

b. Is the particle speeding up or slowing down at time = 17

Solution
Begin by finding v(¢) and a(z).

and a(t) = v' (t) = s"(¢) = 6.
Evaluating these functions at t = 1, we obtain v(1) = —1 and a(l) = 6.
a. Because v(1) <0, the particle is moving from right to left.

b. Because v(1) <0 and a(l) > 0, velocity and acceleration are acting in opposite directions. In other

words, the particle is being accelerated in the direction opposite the direction in which it is traveling,
causing |v(1)| to decrease. The particle is slowing down.



Position and Velocity

The position of a particle moving along a coordinate axis is given by s(¢) = 2O 4 44, £ >0,
a. Find v(?).
b. At what time(s) is the particle at rest?

c. On what time intervals is the particle moving from left to right? From right to left?

d. Use the information obtained to sketch the path of the particle along a coordinate axis.

Solution

The velocity is the derivative of the position function:
v(t) = s’ () = 3t% — 18t + 24.

The particle is at rest when v(f) =0, so set 312 — 18t + 24 = 0. Factoring the left-hand side of the
equation produces 3(t — 2)(t — 4) = 0. Solving, we find that the particle is atrestat t = 2 and ¢ = 4.

The particle is moving from left to right when v(¢) > 0 and from right to left when v(¢) < 0. Figure
3.23 gives the analysis of the sign of v(f) for £ > 0, but it does not represent the axis along which the

particle is moving.

+ 0 — 0 V)
-4 $ . -
0 2 4

Figure 3.23 The sign of v(t) determines the direction of the
particle.



Since 3t — 18¢+24 >0 on [0, 2) U (2, 4+00), the particle is moving from left to right on these

intervals.
Since 312 — 18¢+24 <0 on (2, 4), the particle is moving from right to left on this interval.

d. Before we can sketch the graph of the particle, we need to know its position at the time it starts
moving (f = 0) and at the times that it changes direction (f = 2, 4). We have s(0) =4, s(2) = 24, and

s(4) = 20. This means that the particle begins on the coordinate axis at 4 and changes direction at 0 and

20 on the coordinate axis. The path of the particle is shown on a coordinate axis in Figure 3.24.

t=4
t=0 t=2

| | | | | | | | |
-+ 1 | | | r | | —

-8 —4 0 4 8 12 16 20 24
Figure 3.24 The path of the particle can be determined by

analyzing v(t).



Example-1

2 Neglecting air resistance, the stream of water projected from a fire hose satisfies
the equation

ot

y=mx — 16(1 + ml)(';) .

where m is the slope of the nozzle. v is the velocity of the stream at the nozzle in
feet per second, and y is the height in feet of the
stream x feet [rom the rozzle (Figure 4). Assume that
v is a positive constant. Find (a) the value of x for
which the height y of the stream 1s maximum for a
fixed value of m, (b) the value of m for which the
stream hits the ground at the greatest distance from
the nozzle. and (c) the value of m for which the
water reaches the greatest height on a vertical wall
x feet from the nozzle.

Figure 4 ¥

= X

SOLUTION
(a) Here m and v are both constant and we seek the value of x that makes
y=mx — 16(1 + m?)(x/r)* a maximum. Since

;
dy 32(1 + m? d?y 32(1 + m~)
—=m— ( . )x and —5= — ( . < 0,
dx - e 3=
me?
the critical value x = — gives the desired maximum height: hence, the
32(1 + m”)
mv?

maximum value of vy 18 :
T 64(1 + m?)

L] F

(b) For any given value of m. the stream hits the ground when y =0; that is,

HH-"E

6(1 + m?)
|Comparing this with the result of part (a), we see that the stream reaches
its maximum height halfway between the nozzle and the point where 1t hits

the ground—all very reasonable.] Our problem here is to find the value of m

2 | e
that maximizes = —. 1o do'this, set D, | — -~ | =0 and solve for
16(1 + m~) 16(1 + m~)

when mx = 16(1 + m?)(x/v)?, x > 0. Solving for x, we obtain x = :

the critical values m. Indeed.

= vl — m=)
Ji‘-';M': 7 2 = 2v2 0
16(1 + m~) 16(1 + m~)
so m= +1 gives the critical values. We reject m = — 1 on obvious physical
grounds. The solution m = 1 would indicate that, to squirt the water a maximum
distance, one holds the nozzle at a 45-degree angle. This seems so reasonable
that only a dyed-in-the-wool skeptic would nsist on completing the rigorous
check to make certain that m = 1 gives an absolute maximum.

(c) Here, x and ¢ are constants and y depends on the v
to y = mx — 16(1 + m*)(x/v)?. Thus,

dy x\? 2y .
: :J:—BZ( —) m and [il == —32(i€) < (J:

ff}” . I ffH’I‘Z b

ariable slope m according

p2 .

. : v¢  16x>
gives y the maximum value ——

64 -

hence, the critical value m = ==
32x



3.4, Ppq 150 to Pq |SY

M osmub-t 04 t&L
a) Displacement = As

As= s(-s(0)= 0-0=0

Vau= Avefdae Velecity

~AS_ Om _m
Vav AY b "Oeec

sec
fa\Y; ds m
ITdt T g e
cy v(d=0 d) For 04443 v is

we have lo-ZJc= O Posi’ri\fe and S 15
1= dsec mincreas'ifta.,whemas for

3&15b, VIS neqative
and $15 clecreasinq
.. The boc\y c\'encacs

direction at +=3



4
W s=t-tHf, 02t

@) AS= 5()-5(0)= Om

AS _ M
VAV= At Oth:

(b) v=1t- 3t 24

Al _ A
NO\=0ze and V@)= 0z,

2
a= 3.}.‘" bt +2

aO=22, & 3@-= .

Y v(})=0

we have E-3t+zt=0
t(3-2)(t-N =0
t= 0, \,2
v = tE-2)(#-1)
V@) is positive in the interval 0<t< |

vt is necja’:ive for 1<t<2

’. the body changes direction at t=|



2

L+5 ) —1=1=0

By 5=

@) As= 5(0)-s(-4)= -20m

-20 = -
Vo= 0 = Ozec
(b) —25
V= (£ + B5Y>

v =252 K [v(ol= leee

9= (reop
aCy)= 50.m.
=50, A a(o\—--%%?_
(cy V=0
B
(t45)* O

Vv is never zero

.. The body never changes direction



k) V()= F—yt+a

a= 2t-Y
(a) vtH=0
F-ut ¢3=0
G-V (E-2)=0
=1 or t=%
A= 24gn & A= 2L
b vEB>0
(+-3)(-) >0
t-2>0 or t-\70
>3 1>\
B e e e e e e |
0 1l 2 3 4 5 L 1

We have

0< < | or t>3

The body IS Moving Yorward

vit)< 0
(-1 <0
< | or t<3

we have 1< t<3

The body 'S moviﬁcs backward

(C.) Veloc‘ijcy lncrcasiﬁq
a(H>0
-4 >0

t>2

Vel oc'i’ty decreasi Ng

A< 0o



#q)

Mars TJupiter

Q 2

5= L3GLT Sy= 1441
Vo= 3,721 = 22,99t

we want to find T we want to find T

Wwhen U= 27.% when \’3 = 2'7.%
we have we have
372t = 21.8 22,3t = 218

b= 25sec 4= Losec



v(H=sh= 24~ L.b1
alth= V' = "

A= -Lb
oLeC

(by V(=0

We have
2‘-\ - \- !o-\: — O

= 15 sec

@)

()
- s(19)=24(9)-0.3(15)>

5(15) = |gOom

s(t) = 90

24t - 0.'3'[:1'; 40

0.3t-24t +90=0

3= 0.3, b=-24,c=90

| 24t c-zmz—-qto.ﬂ{é;g)
2(0.%)
= Y4.29 cec
Goino, Up

t=25.b sec
G‘D'\"\g down

MC.) Twice the time il
took to reach its
highest point or 30 sec



2
_ L
411 5= |5t 263:[

‘—j—%= v = 15-4t

v(bH=0 at Its ynaximum heigh’c

ls—cyt=0




#2) The Moon The Earth

y | ¢
Sm= 332t—2.L.t | S.= §2t-|ut
Se=0 Se=0
solve for t to  solve for T 1o

determine the time determine the time

it takes to return to it takes to return to

surface. Surface.
% i
352%-2.5*?—0 832'\:_"0"3:0
t(322-2.L1)=0 t(832-1L1)=0

t=0; 33-2.Lt=0 i’c=0 S 332—1t=0

t= 220 %ec t= S2<ec



#12) continued.

From Physics, we know that the travel time

for & pa\"ridc to reach its maximum Y\eigh’t

IS Cciua\ to the timne it takes for the par‘cide

to descend from its maximum heiah’t back

to the surface.

wWhen Yhe bullet reaches its maximum

height, its velocity is momentarily zero

\!e\oci’ry on the Moon Ve_loc.i’ry on the Earth

Syw= 832%—-2.!&2 Se= 832t - lLJc?'
%&-;::-a ¥ i‘;e = \L®
V(D= 32— 5.2% (D)= 832 - 22t
V=0 atits  Va(®=0 at its max
Max heicjh’c_ heioft
I -521=0 goe—32t=0
5.2t = 332 32T = 332
t= 1LO sec t= 2k sec
S (160)= S (20)= 8320200~ 1b(2)

332(10) — ?_..l«_,(\t.,oil :
- 9e(20)= 1081k f1

Sm(1b0)= bb,5L0 £t He.iqh’t above the
Heig\m’t above the surtace surface of the eartin
of the rmoon. :



#)2)
(3)

5
8= 18- (bt

v(t) = -321

sSpeed= v |= 32‘%

a(i\-—a?_i’i_z
Sec
119
c) wWhen =V 16’
\[: —37 .I.F,_q_

(b

2
179 — lbt= 0

“o't?-= 179



#1u)

3) limV = lim q_g(siNBYt: Q.31
Q-&% e—)"—%

V= q3tge In free Jall

2 aB=9Y _ q-ﬁ's_n;?

At



¥\bQ)

@ P s mo\:inrj to the leH when 2.¢1t<3
or 5<t<b

P is mov'mg to the ricj\n’c when
0< 1< |

Pis Sbnd')na sl when

1< t<? or 3<t<5



¥1LDb)

(sec., cm)

0(0,9) *, A(1,2);, B(2,2)" c(3,-2); D(5,-2)
E(lb,-4)

BC =2 Sec ?
<208 . Feny
M= 5= = 0% 5 [35]
_ Y2 _ _,om
mm’ L-S 2sec [5“"’]




