3.4 The Derivative As A Rate of c\nancje
* Instantaneous Rate of C\nange,
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3.4 The Derivative As A Rate of Chancae
% Motion A\on3 A Line : Disp\acemen{‘, Vekoci{y,

speed, Accelerdjtion, and Jerk

suppose that an object (or body, considered as
a whole mass) is moving d\ong a coordingte
line (an s-axis), usua\\}/ horizomtal or

verti ca\, so that we Wnow its posijtion S
on that line as a qunc%'\on of time 1

s= 5@



Position at time ¢ .., and at lilm:r + Ar
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FIGURE 3.15 The positions of a body
moving along a coordinate line at time ¢
and shortly later at time ¢ + Ar, Here the
coordinate line is horizontal.
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T\r\e DISPLACEMENT of "r\r\e ob:)ec_‘{' over Hne lrime
'1n3terVd\ 1Qromf fo f+m? (Figure E’).IS) 1S

AS = F(t+at) —F@

and the AVERAGE vELocTTY of the objecjt over
Phat time interval is

§) = displacemenjfu____a_\_s____ $(E+at) -5
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DEFINITION: VELOCITY ( Inshankaneous
Ve OCI'\Z)/) is the derivative of position with
respe.c‘\‘ to time. If a bod)/’s position at
time £ is s= =Fd, toen the bodys
\Je.lomjt)( at time tis

V)= d¥.—_ lim E(HAEE B
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(a) ¥ increasing; (b) s decreasing:
positive slope 8o negative slope so
moving upward moving downward

FIGURE 3.lb ! For motion = @) alona a s%raig}fr

line (’c\ne vertical dxis), \f:.%;fi IS

(a) posi{‘i\fe when & increases and

(b) ﬂﬁga‘,:ive when s decreases,

¥* Ve.\ocijty fells the direction of mokion

SE o W\nen Hne objecjt 15 moving torward (\s increasing\,

the Ve\oc‘z{y is posijrive



—> When the objecjf 15 moving backward
(s decreasir@, the Ve\oci{y is nesafi\/e

~> 1f the coordinate line is vertical, the obJeclL

moves upward for Posi{*ivc Ve\ocijt)/ and
downward for negc?)rive \/e\oci{}/.
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{b} s decreasing:
negative slope so
moving downward
FIGURE 3.16 For motion s = f{5)
ziong a straight line {the vertical axis),

v = ds/dr is (a) positive when s increases

and (b} negative when s decreases.

The blue curves in Fiqure 3.1k
re.presenjr posi{*ion along the

line over Jtime,

The blue curves do not por’fra)/
+Hhe pa’H’t of motion — which
lies dloncj the vertical s-axis



¥ SPEED
speed is the absolute value of \/e\ocijry

6Peed measures the rate of progress
recjard\ess of direction.

DEFINITION . SPEED IS Hwe cﬂbsolu%e value ot

\Ie\OC:i'IT){

6peed== \V(N:’ ‘%3%



Velocity v = f'(f)
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FIGURE 3.17 The velocity graph of a particle moving along a horizontal line,
discussed in Example 2.

t (sec)



The rate at which a body’s velocity changes is the body’s acceleration. The acceleration measures how quickly the body picks
up or loses speed.

A sudden change in acceleration is called a jerk.

When a ride in a car or A bus is jerky, it is not that the accelerations involved are necessarily large, but that the changes in
acceleration are abrupt.

DEFINITIONS  Acceleration is the derivative of velocity with respect to time.
If a body’s position at time 7is s = f(¢), then the body’s acceleration at time ¢ is

dv  d’s
a(t) = ait = g2
Jerk is the derivative of acceleration with respect to time:
. da _ d°s
j0 =5 =5

dt dr’
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Production (tons/week)
FIGURE 3.20 Weekly steel production: i
c(x) is the cost of producing x tons per o +1
week. The cost of producing an additional ' :
ftonsis clx + M) — ofx). FIGURE 3.21 The marginz| cost de/dx

iz approximaiely the extra cost Ac of
producing Av = | more unit.

Suppose that c(x) represenlrs the dollars needed

to produc:e xtons of steel in one week,
lJt Cosjrs more to produce X+h fons per week,
and the cost difference, divided b)z hj is the

averdae cosJL‘ of Producinﬂ each addijn'onal {‘oﬂi

c(x+h)-c(x) _ dverage cost of each
n of the additional h tons
of steel produced.
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SIGURE 3.20 Weekly seel production:
*41 is the cost of producing x tons per
=:k. The cost of producing an additional 7 - Taiy
asis ofx + By — ofx)

FIGURE 3.21 The marginal cost dc ‘' dx
¢ zpproximately the extra cost Ac of
roducing Ax = 1 more unit.

The limiJr of this rdjrio as \n-—z-o 15 Jt\ne MARGINAL
CosT of producing maore S‘teel per week when Jthe

current Weekl)/ Produc{*ion s X tons ( Fig 3.20):

ac _ lim C(X+\rﬂ--c(xl=__ rmargingl cost
dx  h=0 n of produd“ion

Some“?imes Jrlne marginal COS)_‘ ot proclucjtion .15
\oose\y defined to be the extra cost of producing
one addijtional unit?
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marginal cost
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FIGURE 3.20 Weekly steel production:
x) is the cost of producing x tons per
week. The cost of producing an additional

Wk : I !
2toms is olx + h) — cfx). o x x+1 T

FIGURE 3.21 The marginal cost de/dx
is approximately the extra cost Ac of
croducing Ax = 1 more unit.

c(x+N—-c(x)
|
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AC
DX

dc
which is approximated by the value Jx  at x.
This approximfiorl 1S acceptaHe if the slope of the
grcS}Ph of C does nojt chémse iua‘ c:k\y near X.

Then the ditference cluojrienJ[ will be close to its

limit dc/dx, which is the rise in the %angenjr

line if Ax=1. (Fi‘g 3.&!\. The approximcs%ion often
works well for ldrrje values of X, an



Examp\e: Suppose e total cost in dollars per
week b)/ ABC Corpora):ion tor Producinﬁ ks best-
selling Produa'f 15 Siven b}/

C.(X)= 10,000 +33000% ~ O.HX

Find Hme dcjrual COSJC of producma the IC)\Si‘L Jre

solution |
C(IOO)=% H)e acjtua) COS{" of produc'mg 100 i'l‘cms

c(100)= 06000

c(1oN=> the actual cost of producing 1ol items

c(101)= 308919.L

The cost of procluc:mg the 101° rjtem can be

found by COmPU{‘I ng the Average. Pate of
chanae.



cx+—c(x) _ clioN~ c(100)
(x+h)=X 10 1=100

= 2919.b

This will Sive us the actual cost of pmducing
the 101 “item.

However, it is often inconvenient to use.

For this reason, Marginal Cost is USUcQ“)/-

approxima{*ed by the instantaneous rate of
c:\ﬂdnge ot the total cost function evaluated at the

spechtia poin{“ of interest.



Examp\e 2. Suppose the total coth in dollars per
weelk by ABC Corporajrion for produc'm% its best
se\l'm9 producf 1S 8i\fen b)/
C(x)= -O.le?"+aooo><+lo,ooo
Find C’( 100) and 'm‘l:erpre{ the results.

cl(xX)= —0.8X +3000

C'(IOO> = 2920 => the cost of Pr‘od.ucing
the 1015t ikem

c'(100) - ¢ (1o1) - c(looﬂ = 2920 —2919.0

== 4



Observe that the answuers for Example | and
Example 2 are very close.

This shows )/ou wh)/ we can work with the
de,ri\/é){*Ive of the cost ﬁ;ncﬁon rather than the

average rate of chanﬁe.

Margina\ Cost Funcjtion:} Derjvative of the
total cost ‘Funcjtioﬂ.



