Introduction
To c]e:f the equa’cion of y

A

the tangent line, we use

the poinlf Slepe

hrmula () a

FIGURE 3.52 The tangent to the
-y = m({x-X,) S s i AR
; curve y = f(x) atx = a is the line
L(x) = fla) + f'(a)(x — a).



Here
Xy= 4 X = 5(&\ . m= S-r(a_\

we let

L(x\f-y

LX) = () + 30)(x-a)



How closely does L(X)
approximate the value
of f(x)when x=a ?

A y = f(x)

Slope = f'(a)

we want to look at the

(a, f(a))
value of L) within a

vexy Small
neiea\-\bord
5urrounding a



Wwe will exam the Jcaﬂcjen’r line of )/: X'L
at (1,1

tangent: y= 2%~ | at (1,)
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¥y =x"and its tangent y = 2x — 1 at (1, 1). Tangent and curve very close near (1, 1).
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A MUCH SMALLER
NEIGHBORHOOD
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Tangent and curve very close throughout Tangent and curve closer still. Computer
entire x-interval shown. screen cannot distinguish tangent from

curve on this x-interval.



FIGURE 3.51 The more we magnify the graph of a function near a point where the

function is differentiable, the flatter the graph becomes and the more it resembles its
tangent.




As you can see dbove, as we make the interval

smaller where the tangent at (1,1) is, the

ltf.?:mcy:nj[ line and the curve become
'\ndisjtiﬂcluisha\)\e. I1f the radius of the nterval

15 less than 0.001, the tangent line at x=a.



will be a very good approximation for the vale

of ¥® at x=a.



% y = f(x)

Slope = f'(a)
As we begin to pe = {a

(a, f(a)) y = L(x)

trave| along the

fanqen’c line AWAY

0 a
from the

enclose neighborhood, the approximation



becomes less accurate and less reliable

G

x= G (s the center of the appraximajcicn.

Lo = F(@ + (o x-aQ)



Again, as we pick valves of X that are outside

the radius of approximation of X=a, the

dccurdey of the approx’ima}:ion about X=a

rapidly deteriorates.



ApproXimation Aeproximaton
OT 8ccurate NOT dccurate

0— Y-Vvalues

DEFINITIONS If f is differentiable at x = a. then the approximating function
L(x) = f(a) + f'(a)x — a)
is the linearization of f at . The approximation
J(x) = L(x)

of [ by L is the standard linear approximation of { at a. The point x = ¢ is the
center of the approximation.




Differentials

We sometimes use the Leibniz notation dy/dx to represent the derivative of y with respect
to x. Contrary to its appearance, it 1s not a ratio. We now introduce two new variables dx
and dy with the property that when their ratio exists, it is equal to the derivative,

DEFINITION Let y = f(x) be a differentiable function. The differential dx is
an independent variable. The differential dy 1s

dy = f'(x) dx.

Unlike the independent variable dx, the variable dy 1s always a dependent variable. It
depends on both x and dx. If dx is given a specific value and x is a particular number in the
domain of the function f, then these values determine the numerical value of dy. Often the
variable dx is chosen to be Ax, the change in x.



y = f(x)

(a + dx, f(a + dx))

A

I"\

AL = f'(a)di<+—1Ich

&_}’ = f(a + dx) — f(a) [change iny]

ange in the tangent line]

|~ dy=5"ladx |

\

Tangent
line

When dx 1s a small change in x,
the corresponding change in
the linearization is precisely dy.
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Geometric Meaning
Llet X=a and sel dx= AX as lonq @5 AX

is very, very small.

The corresponc\inﬂ Change In y=}()0 1S
Ay = Sa+dx) -5



The corrcsmndin% c\'\ancﬁe in

L= Fa) + $a)(x-a) is

L(a+dN = S(a) + S (a+d0-al

= 5o + 5@ a-a+dx)
L(a+adx)= 3) + $(d) dx



L(6) = F(a)+ 5'(a)(a-0)
= 5(a) + §(a)-0

L(a) = 5(a)

AL= L(a+dx) -L(a)

AL= 5@+ 5(adx -5@



AL= }'(a\dx

The change in the inearization of ¥ is

precisely the value of the differentia) d)/
when Y=a and dx= A¥.



Therefore , dy vepresents the amount the
tan%cnt \ine rises or falls when X
c\nanges by an amount d¥= AX.



