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The Graph of a Rational Function / Slant Asymptotes /
Application

The Graph of a Rational Function

Analyzing Graphs of Rational Functions

Let f(x) = p(x)/q(x), where p(x) and g(x) are polynomials with no
common factors.

1. The y-intercept (if any) is the value of £(0).

Note Testing for symmetry can be
2. The x-intercepts (if any) are the zeros of the numerator—that is,

useful, especially for simple rational

functions. For example, the graph of ' the solutions of the equation plx) = 0.

f(x) = 1/x is symmetrical with respect 3. The vertical asymptotes (if any) are the zeros of the denomina-
to the origin, and the graph of g(x) = tor—that is, the solutions of the equation g(x) = 0.

1/x? is symmetrical with respect to the 4. The horizontal asymptote (if any) is the value that f(x) approach-
y-axis. es as x increases or decreases without bound.

5. Determining the behavior of the graph benween and beyond each
x-intercept and vertical asymptote is crucial for describing the
complete graph of a rational function.

problem, yc 1_1 can try changing the 7 10de of : _
mode. The mblem with this is that the graph  the represented asa
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EXAMPLE1 &%  Analyzing a Rational Function

3
Analyze the function g(x) = o
o,
Solution
3 _ _3
y-Intercept: (0, —3), because g(0) = —3.
x-Intercept: None, because 3 # 0.
Vertical Asymptote:  x = 2, zero of denominator
Horizontal Asymptote: v = 0, degree of p(x) < degree of g(x)
Additional Points: - i ) 3 P
glx) | —05 -3 3 1

By plotting the intercepts, asymptotes, and a few additional points, you can
obtain the graph shown in Figure 2.42. Confirm this with a graphing utility.

Note The graph of g in Example [ is a vertical stretch and a right shift of the
graph of f(x) = 1/x because

3 1
glx) = o 3(x "-2_) =3f(x — 2).

EXAMPLE 2 &%  Analyzing a Rational Function

Analyze the function f(x) = 2 xjfl
Solution
v-Intercept:  None, because x = 0 is not in the domain.
x-Intercept: (%, 0), because 2x — 1 = 0.
Vertical Asymptote:  x = 0, zero of denominator
Horizontal Asymptote: vy = 2, degree of p(x) = degree of g(x)
Additional Points: :
x -4 -1 ! 4
flo | 2.25 3| -2 | 175

By plotting the intercepts, asymptotes, and a few additional points, you can
obtain the graph shown in Figure 2.43. Confirm this with a graphing utility.
-~
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Figure 2.44
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EXAMPLE3 @¥ Analyzing a Rational Function
g X
Analyze the function f(x) = —— .
X=X —2

Solution
By factoring the denominator, you have

X X
f(x)=x2_x_2-= (x+ Dx—2)
y-Intercept: (0, 0), because f(0) = 0.
x-Intercept. (0, 0)
Vertical Asymptotes:  x = —1, x = 2, zeros of denominator
Horizontal Asymptote:  y = 0, degree of p(x) < degree of g(x)
Additional Points: % Tl 1 3
f | 03 | 04 | —05 | 075

The graph is shown in Figure 2.44.

EXAMPLE4 (& Analyzing a Rational Function

262 - 9)

Analyze the function f(x) = T
2 =

Solution
By factoring the numerator and denominator, you have

_ 26° =9 _ 2=t

f) -4 (x—=2)(x+2)°

y-Intercept: (0, 3). because £(0) = 2,

x-Intercepts: (=3, 0), (3, 0)

Vertical Asymptotes:  x = —2, x = 2, zeros of denominator
Horizontal Asymptote:  y = 2, degree of p(x) = degree of g(x)
Symmetry:  With respect to y-axis, because f(—x) = f(x).
Additional Points: = 05 25 6
f | 467 —2.44 1.69

The graph is shown in Figure 2.45.
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Slant Asymptotes

If the degree of the numerator of a rational function is exactly one more than
the degree of its denominator, the graph of the function has a slant asymptote.
For example, the graph of

x?—x

x+1

flx) =

has a slant asymptote, as shown in Figure 2.46. To find the equation of a slant
asymptote, use long division. For instance, by dividing x + 1 into x*> — x, you
have

x?—x 2 2

= =04 —=
& =" O X+ 1

—2>0asx—> o0

Slant asymptote
(y=x-2)

In Figure 2.46, notice that the graph of f approaches the line y = x — 2 as x
moves to the right or left.

EXAMPLE5 @&W A Rational Function with a Slant Asymptote
2-x-2
Graph the function f(x) = %

Solution
First write f(x) in two different ways. Factoring the numerator

xz—x—Z_(X*2)(x+1)
g =] x—1

@) =

allows you to recognize the x-intercepts, and long division

it e 2

—0asx > oo

fx) =

=1 7 x-1 =1
allows you to recognize that the line y = x is a slant asymptote of the graph.
v-Intercept: (0, 2), because £(0) = 2.
x-Intercepts:  (—1,0), (2,0)
Vertical Asymptote:  x =1
Slant Asymptote: vy = x
Additional Points:

X =2 0.5 1.5 3

f@& | -133 | 45 | 25 | 2

The graph is shown in Figure 2.47. I
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Figure 2.48
lin.
Figure 2.49
A= (x + 3)(48 + 2x)
200 o

2 [ Polynomial and Rational Functions

1in.

Application

EXAMPLE3 &% Finding a Minimum Area

A rectangular page is to contain 48 square inches of print. The margins at the
top and bottom of the page are each 1% inches. The margins on each side are
1 inch. What should the dimensions of the page be so that the minimum amount
of paper is used?

Solution
Let A be the area to be minimized. From Figure 2.48, you can write

A=x+3)y+2).

The printed area inside the margins is given by 48 = xy or y = 48/x. To find
the minimum area, rewrite the equation for A in terms of just one variable by

 substituting 48 /x for y.

_ (x + 3)48 + 2x)
= _—“L—x :

A=(x+3)(%+2) x>0

The graph of this rational function is shown in Figure 2.49. Because x repre-
sents the height of the printed area, you need consider only the portion of the
graph for which x is positive. Using the zoom and trace features of a graphing
utility, you can approximate the minimum value of A to occur when x = 8.5
inches. The corresponding value of y is 48/8.5 = 5.6 inches. Thus, the dimen-
sions should be

x + 3 = 11.5 inches by y + 2 = 7.6 inches.

If you go on to take a course in calculus, you will learn a technique for finding
the exact value of x that produces a minimum area. In this case, that value is
x = 6/2 =~ 8.485. o




