Definition of Conjrinu{{)/
| §(c) must be defined

2 i 3x) Must exisol
xX=>C

additional 1nto

lim OO = im FO

Y= & *>ct

|

lim 5(X)

.

5£(0)

Problem-Solving Strategy: Determining Continuity at a Point
1. Check to see if f(a) is defined. If f(a) is undefined, we need go no further. The function is not continuous

ata.If f(a) is defined, continue to step 2.

2. Compute lim f(x). In some cases, we may need to do this by first computing _lim_ f(x) and limJr Fx).
= X—a

X—a

If xli_l;n a}"{x) does not exist (that is, it is not a real number), then the function is not continuous at a and the

problem is solved. If Xli_r}n a_)"(x) exists, then continue to step 3.

3. Compare f(a) and xli_I}naf(x). If xli_I}n af(x);& fla), then the function is not continuous at a. If

Xli—ln—na f(x) = f(a). then the function is continuous at a.

Types Of Discontinuities

¥ Yi y

o o/"
X
//f(x) )
/ é ; / : ) |
removable jump infinite

discontinuity discontinuity discontinuity

=Y

(@) (b) (©)

Figure 2.37 Discontinuities are classified as (a) removable, (b) jump, or (c) infinite.

Definition

If f(x) is discontinuous at a, then

1. f has a removable discontinuity at a if lim af(x) exists. (Note: When we state that lim af(x} exists, we

mean that 1Eli_I}n af (x) = L, where L is a real number.)

2. f has a jump discontinuity at aif lim_ f(x) and 1im+ f(x) both exist, but lim_ f(x) # lim+ f(x).
X —da X—a

X—a X—a

(Note: When we state that lIim_ f(x) and lim+ f(x) both exist, we mean that both are real-valued and that

xXx—a v



neither take on the values +0.)

3. f has an infinite discontinuity at a if lim_ f(x) = +c0 or ]im+ f(x) = o0.
e x—a



In Exercises 1-6, use the graph to determine the limit, and
discuss the continuity of the function.

@ lim f(x) @) limfGx)  (c) limf(x)

X—rc X—c X—

o
I
L

Solution

Q lim S0 = |
%> %

b lim =]

K>

A lim 30=I
X217



lin $(x) = $)
%%

The Function is continuous dt =3 becayse
a\ taree criteria of the Definition OF Con’rinui{y

are met.

Q lim Sx= -2

%>~

b) lim SO=-2

%>-2"



c) lim $e= 2= $(-2)
=>-2

The i:und‘iOn i continuous at x=-2

becguse all Hree criteria of the

Nefinition of COn{‘inufJYy are met.

3 y
&
J
(3, 1)
| =
e S S S e ot
2 I'I.I 4 6
— =k (3, 0)
fi=3

()= pefieed at x=3

%>



() lim $0=0

X=>7

@) lim 5= 0 (The limit exists)
X3

pecause |im §x) =6 = livn 3(%
X2 x+5"

\im FOV£ 5(2)

X%

§(x) i5 NOT continuous at x=3

because lim SN+ $(3)

%2>

S(»=1

lim §5)= 0

X3

This & removable discontinuily.

Definition of Conjrinu{{)(
| §(c) must be defined

- L



2. Jim 3(x) Must exist
X=>C

additional Into

lim SO0 = lim O

Y *ct

3 lim 500 = £(0)

L

Solution
We are applying the detinition of Conjfinuijty



., $(D)=3  The function is defined
at x=-2

2. lim§f0=2 & fim §30=2
%> -2F X>-2"

lim iN=2 iﬂne limit exithS:)

X-»-7

3 lim S0+ 30
X>2

50 is discontinuous at x=-2 by

Criteria 3.

This & remnovable di sconjrinui‘ry.

5. y
i
2°F (4,2)
2 - —
]AF =4
S e s s e
e 1 B B ED B
—
R P (41_2)




Solution

wWe will be using tne definition of

Con’rinui’ry.

L S(W=2 3 s defined
at x=\

2. limfo=2 3 lm ==
‘k—)t_{*l- V) L\_

Since  lim S+ \im J&
Yoyt *=*4~

lim S&x) does nat exist

> Y

§O0 is disconjﬁnuous at x=4

This 9 4 jump disconjtinuijry.

(rideria 2 is not fulkilled.



A
4
c=—1
3
1,2 T
& s o /7:}&:
% (h0) b

Solution

I $CN=0 5 5 is delined at x=-|

2. im =0 % hm X\ =2

Yot Y-\~

Since



im $O0 + lim 30 |

Y= -t X>-("

lim $(% does nat exist
% ~|

since Criteria 2 is not fulfilled, F(x) is

discontinuous at x=-|.

This is & jump disconjcinuijty.



o< |
I:

x> 1

Solution

L (V=2 50 is defined at x=1

2. imSo=1 & lim S0=)
- YI' Y- ‘_
Since
lim 30 = 1= lim $(X
x> F X))

lim $o0=1 2 LThe limit existd

X~



3, l.\-z,“? sy F 50)

S Since Critecia s not Fultilled,

%) 1s discontinuous at x= |

f0=

When X=-1, F( is undetined or



indeterminate.

Factor $(% And sinnplify.

=1 (XH\(X—\) ‘|
y(N= T B (X+)
X=-| s a removable disconjci nu‘rty

we will now use the definition of

COnjrinui{y to ver ify that f(x 15

discontinuous at x=1.
. 3X) is NoT defined &t x=-|

2. limfod=-3 & lim 5N=-3
x| X~

since lim 5= lim 5K
Yo - | X=2-|"

im $(X)=-3 {The limit cxis{s}
X>-|



3, since 5% is Not defined at x=-1,

criteria 3 fajled.

lim $00# $C1)
X>-]

we have ghown by the definition of

cOnJrinuiJr)z fhat S 15 discontinuous
at x=-I.




Solution

[ \
U (x=2(x+2

Y=
¥=-2 & X=2 are vertical asymptotes.

X=-2 &% X=2 4are in{-‘in[{e c[isconjcinuijties

limn F=00 & limio=-o
-2 = -7t

im S0=>-00 & lim $0=> 00
%> 9" X» 2t



Prelude to 2.5
THEOREM b Suppose that & function F is defined
on an open interval Cmn'l?a'tniﬁﬂ Cy exceth perhﬂps
at ¢ iteelf. Then 3 has a limit as x
approaches ¢ if and only if it has left-hand and
righjt—hand limits there and these ane-sided limits
are eclc_@l :

lim 50=1L i} and only it lim 6 =L
x>C x>

and  lim 50O= L

%>t

By the above ﬁ:lneorem; a Jonction $x) is continuaus
at an INTERTIOR POINT of C of an interval in its
domain it and only it it is both righ’t—-can‘kinuous
and left- continuous at C

we 53y that @ hnc:ﬂon 1S CONTINUOUS OVER A
CLOSED INTERVAL Labl it itis rig\n’&conlrinuous
at a, left-continuous at b, and continuous at

all interior po'm’[s of the interval.

This definition &pp\iea to the infinite closed
intervals Ea,oo) and (-CD.,\)] as well, but on\}/

one endpoinlr is involved,

15 a function is net continuous at poanII C of is
domain, we say that F is DISCONTINUQUS AT C,
and that F has a disconJrinui{}/ at C

ORSERVATION® A function 3 can be conJrinumus;

rifjh%— continuous, of \eFt- continuaus only at a
poini‘ C for which FO) is defined.



Continuity Two-sided

- == from the left
| A |
¢ ¥=1(%) |
| |
| |
: L > x
C b

FIGURE 2.36 Conltinuity at points a, b,

|and oF A noR- Existencs

y:\/H—?XL

h

The domain of y: \/ L— % on]/v exists belueen

—2 L XL

; z . -
lim vH4-X Does nol exist or is NOT
> =7

defined becguse VH-X* does wotexist when
X< =2

lim VU)X  Does NOT exist when %X>2

x-> ot

The 1(uncjrion SOO=VH-%" is conjcmuoua Qver
s domain L-2,2]

$0=VH-¥ is rithtﬂconﬁnuous at x=-2

i \}H"X?‘ = Q

x—=>-7*

5(10=m s left- Con‘ltinUOUS at x=2



lim VH=X=0

X P
The unit stepfunction U),
Srap\‘med to the left is
T right-continuous at X=0,
but is neither left-continuous
nor continuous there.
it X220 1t has uMp discontinuity
U 10 i x40 at x=0.

EXAMPLE 4  The function y = | x | introduced in Section 1.1 is graphed in Figure 2.39.
[t is discontinuous at every integer n, because the left-hand and right-hand limits are not
equal as x — n:

lim |[x] =n—1 and Iim |[x] =n

X—n x—=
Since | n | = n, the greatest integer function is right-continuous at every integer n (but not
left-continuous).

The greatest integer function is continuous at every real number other than the integers.
For example,

im |eli=d=]15]

x—1.5

In general, if n — | < ¢ < n, n an integer, then

l_im_ || =a—=1 =]el. )
4 - " —
= E—
y=lx
2 e—
l — e
—0 ' : S
= 1 2 3 4
—

FIGURE 2.39 The greatest integer

-

function 18 continuous at every noninte-
ger point. It i1s right-continuous, but not

lefi-continuous, at every integer point
Example 4).



W

5(><)=7]( is discontinuous at X= 0, but it is
continuous over the union of open intervals |

(~0,0) U (0,)

X=0Q is an infinite discomL'mtu

Euer)/ Po\)/ﬂomia] Poo= QX" + an_lxn"u_ “ n = 'PI(ZO

is conjcinu ous because

lim PO = p(e)

X=>C

by Theorem 2, SecTion 2.2.

The -Funcjfion 5C)=1x} is continuous

step*it J(0)=0
60 15 dedined at X=0

SJteP*P_ :

; = lim =%X=0
X_ngrl 50 .

lirn 500 = 1im+ X =0
x> OF %20



Step¥2.:

lim $00= 0O
Y0

5%:6:;)*5 :

li%q 500 = 0= 5(0)

A->

FO=Ix) is continvous in (~oo,00),

Inverse Func:'l?'ions A Conjciﬂuﬁlty

when a continuous function defined on an inferval
has an inverse, the inverse function is itselt &

con)[inucms -Yunc{ion over its own domain.

This result is Su%csjced by the observation that
Lhe 3raph of }"(x), being the reflection of the
ﬁraph of F across the line )/z)(,, cannot have

an)/ breaks in it w|nen the gr&p‘n of & hc?-S no
breaks.

ilhe Graph of an Inverse Function

If the point (a, b) lies on the graph of £, then the point (b, a)
must lie on the graph of -1, and vice versa.

Y y=x

This means that the graph

of f-1is a reflection of the m—
graph of fin the line y = x, Q

(a, b) -




s
~
s
__,/
—
7
s

iExample 3 — Finding Inverse Functions Graphically

Sketch the graphs of the inverse functions f(x) = 2x -3

and f~!(x) = 3(x + 3) on the same rectangular coordinate
system and show that the graphs are reflections of each
other in the line y = x.

The graphs of fand f~! are shown in Figure 1.95.

fl = Hx+3)| | fl)=2x-3

It appears that the graphs are
reflections of each other in the
line y = x.

You can further verify this
reflective property by testing
a few points on each graph.

Figure 1.95

Continuity of Compositions of Functions

Functions obtained by composing continuous functions are continuous. If f(x) is continu-
ous at x = ¢ and g(x) is continuous at x = f(c), then ge f is also continuous at x = ¢
(Figure 2.42). In this case, the limit of g ° f as x — ¢ is g(f(c)).

g-f
e — e —
/ Continuous at ¢
-
f C
/=" Continuous ™-_ - "~ Continuous

o at ¢ u'_ at flc) A
C fle) g( fle))

FIGURE 2.42 Compositions of continuous functions are continuous.

THEOREM 9—Compositions of Continuous Functions
If f is continuous at ¢ and g is continuous at f(c), then the composition g © f is
continuous at c.

Intuitively, Theorem 9 is reasonable because if x is close to ¢, then f(x) is close to f(c),
and since g is continuous at f(c), it follows that g(f(x)) is close to g(f(c)).

The continuity of compositions holds for any finite number of compositions of func-
tions. The only requirement is that each function be continuous where it is applied. An
outline of a proof of Theorem 9 is given in Exercise 6 in Appendix 4.



Show that The ’Fo'l‘.owing %Unc:":iona are

continuous on their natural domains.
(a) Y= v X=2x-5

Lt 300= X-2x-6 & q(OI=VX

Let us look at the discriminant of

a=1, b=-2 , c=-5

}

D= D ~Yac
D= (2= 4MES)

= 4420
D= 24

using completing the square, we have

y= (%=1 + ()
v(1,-6)

The zeros are X= 1+&

%=+ 1-Vb

JOO>0 when

X< 1=Ve & X2 itVe

q(x)= VX s continuous on its natural domain

(-0, 5“@ U(H”’E:’ Oih



(b ,Kffa

_>’= |+ x4

4+X'>0  This will dways be greater
Tthan zero

21‘3 Xz‘/a

lim 7 = lim
oio X ysig | AX

X2
H
— Lim X
XTI | + |
XLI

— lim —2° - --=0
x>t 1 4,
}‘H

The cluoh'&njr is continuous.



THEOREM 10— Limits of Continuous Functions

¥ lim Efx‘;zb and ﬂis con{inuous
%> C

at the poin'k b, then

i qf5) = g(b

EXAMPLE 9 As an application of Theorem 10, we have the following calculations.

A
. . ; c = 13
(@ lim cos{ 2x + sin L + x = cos| lim 2x + lim sin (—W + x
=72 2 x—T{2 x—7r/2 2

= cos (7 + sin2w) = cos T = —1.
. i L = .r‘ _— I _ _
() limsin![——=] = sin”'| lim H Arcsine is continuous.
a—1 1 — x° —1 1 — x-
N P — _
= sln lim Cancel common factor (| xX).
x—1 l = X
e '-}il"]_l i .
' 2 6
(¢) lim Vx+ 1 ¥ = lim Vx + 1-ex Iim tan x exXp Is continuous.
0 0 P 0 :
X—> X—* X—>



Intermediate Value Theorem

(from section 2.5)

Theorem: Suppose that f is continuous on the interval [a, b] (it is continuous on the path
from a to b). If f(a) # f(b) and if N is a number between f{a) and f(b) (f(a) < N < f(b) or
f(b) < N < f(a)), then there is number ¢ in the open interval a < ¢ < b such that f(c) = N.

Note. This theorem says that any horizontal line between the two horizontal lines y = f{a)
and y = f(b) intersects the graph of f somewhere between a and b. See figures 8 and 9 on

page 126. Also see the following figures:
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Example (from the texthook). Use the Intermediate Value Theorem to show that there is

root of the equation

4r° 6 132 -2=0

in the interval [1, 2].

Solution:

Consider the function f(z) = 42°—62?+32—2 over the closed interval [1 , 2].

The function f is a polynomial, therefore it is continuous over [1 . 2]

We have

j1) = 4—6+3-2=—1
72) = 32-24+6-2=12

Since:

1) <0< 7(2)

by the Intermediate VT there exists a value ¢ in the interval (1, 2) such that f(¢) =0,

i.e. there is a solution for the equation f(x) = 0in the interval (1, 2).

TIntermediate \alue Theorem

Use the Irtermedige Valve Theorem. to prove
that the eriua‘hon

Vex+5 = H-\*

has a sdution.

— solution
uﬂhn:r;“l"a —unﬁ n.-...—‘—L:An -~




[ RS VEVE W O ST O (et C(_iUdLIUH [, o

Vax+5 tx=4=0
Let  $60= VZx+5 + Xo 4 =0

Now CjOO =V 2X+5 15 continuaus on The
in‘kerval [‘"5/35 00) since it is Tormed as the
compos':Jt'lon of two functions,

the 5<1Uc3re root ?unc“tion ﬂ(x‘)=\/><_

with nOﬁﬂESJHVC hnc":ion y"z 2X4+5

o7

Ux)= 2X+5
E](UCX')> = m
— / 2X+5

The $(X) is the sum of the function ﬂ and the
iuﬁdrd'l:ic, 1tunc‘hen y= XZH’-I,

>/-_: X=H4 is con'hnuous for all valves of X,

$0)=V2x+5 + x>y 15 Conjtmuous on the

intenal [ %0 9)

By trial and error, we find the function values

50)=v5 ~Y4a -7
&
5= Jq =3

Observe that 5% is continuous on the finite
closed interval [0,2]1 = [™%000)

since the value lg:- 0 is between the

Lul] rmihp e



[ U T T W |V .

$00) = 1.7
&
$5(2)= 3

by the Tntermediate Value Theorem, there is
a number cel0,2] such that $@)=0

The number ¢ sdlves the or i(ﬂiﬂéﬂ E‘.iu@‘l.‘iOﬂ.

FIGURE 2.46 The curves
y=Vlx+5S5andy=4 — x°
have the same value at x = ¢ where

V2r + 5 + 3% — 4 = 0 (Example 11).

Continuous Exjtension o g POinJ[

SINX
3N= Tx

is continuous at every poinst excepJ[ X=0.

=0 is NOT in ite domain

\im SINX = |
Xx->q X

since this limit 1s finite, we can extend the

function's domain o include the poin‘c X=0
in such @ way that the extended function is



4
continuous at x=0.

we define the new funchion

SINY ) == 0

F(X)=

FIGURE 2.47

u]

(a)

(0, 1)

Fix)

(b)

el

(a) The graph of f(x) = (sinx)/x for —7/2 = x = 7 /2 does not include

the point (0, 1) because the function is not defined at x = (. (b) We can extend the domain
to include x = 0 by defining the new function F(x) with £(0) = 1 and F(x) = f(x) every-
where else. Note that F(0) = lim,_, f(x) and F(x) is a continuous function at x = 0.

The new function FX is continuous at X=0

Decause

lim

SINX
= F(0
»0 X (>

S0 F}T MEE}IS the reciuiremen"cs for

con'\:inuijt)a

More 3cnera\l)/, a function (such as a rationa)
‘Func‘i:ich mnay have a limit at a po‘mir where it

15 NOT detined.
1t F(C) is not detined, bt Jim F)= L
exisjrs, we can define a new function

F(X) b)/ the rule

5 iF X is in the domain of 3%
FO)= T
L, if x=¢

The function Fis continueus @t x=c. Tt i5
called the CONTINUOUS EXTENSTON of 3560 to



X= C,

For taTional functions 3 continuous extensions

are often found by canceling common factors
in the numerator and denominator

EXAMPLE 12 Show that

o
foy =E5xE=8
&= — &

, X7 2

has a continuous extension to x = 2, and find that extension.

Solution Although f(2) is not defined, if x # 2 we have

P )_x2+x—6_(x_2)(/‘?+3}_x+3
0 = x2—4 (x—-2x+2) x+2

The new function

x+ 3

=57

1s equal to f(x) for x # 2, but is continuous at x = 2, having there the value of 5/4. Thus
F'1s the continuous extension of f to x = 2, and
X¥+x—6 5
im ———— = lim f(x) = =.
x—2 ,1’2 -4 r—2 f( ) 4
The graph of f is shown in Figure 2.48. The continuous extension F has the same graph
except with no hole at (2, 5,/4). Effectively, F is the function f extended across the missing
domain point at x = 2 so as to give a continuous function over the larger domain. Gl

.
> 4
(a)
r‘i-
- X
A I ¥ x42
0 ;
I R S Y
1 0 I 2 3 4




SIGURE 2.48 (a) The graph
- 7(x) and (b) the graph of
= continuous extension F(x)
cxample 12).



Example (Midterm 1 - Fall 2016). Show that the equation 2 — e* = 42 has a solution in

the interval [0, 1]. Justify your answer.

Solution: We take everything to one side and set the equation in the equivalent form
dr — 2+ €" = 0. Consider the function f(x) = 4z — 2 + €*. Equivalently, we must show
that f(z) = 0 for some z in the interval (0, 1)

Because f is a difference of a polynomial and an exponential function, it is continuous

everywhere, in particular, on the closed interval [0, 1]

fl0) = 0-2+e'=-2+1=-1
f(1) = 4-2+el=2+e~24+2718=4.718

Since:

f(0) <0< f(1)

by the Intermediate VT  there exists a value ¢ in the interval (0, 1) such that f(e¢) =0,

i.e. there is a solution for the equation f(x) = 0in the interval (0, 1).

Example (exrcise 53 of section 2.5). Use the Intermediate Value Theorem to show that

there is root of the equation

drt+r—-3=0

in the interval [1, 2].

Solution:
Consider the function f(z) = 42 —622+32—2 over the closed interval [1, 2].

The function f is a polynomial, therefore it is continuous over [1 , 2]

We have

f(1) = 4—6+3-2=—1
f2) = 32-24+6-2=12

Since:

f(1) <0< f(2)

by the Intermediate VT  there exists a value ¢ in the interval (1, 2) such that f(c) = 0,

i.e. there is a solution for the equation f(x) = 0in the interval (1, 2).



