In this section we extend the limit concept to one-sided limits, which are limits as x
approaches the number ¢ from the left-hand side (where x < ¢) or the right-hand side
(x > ¢) only. These allow us to describe functions that have different limits at a point,
depending on whether we approach the point from the left or from the right. One-sided

limits also allow us to say what it means for a function to have a limit at an endpoint of an
interval.

Approaching a Limit from One Side

Suppose a function [ is defined on an interval that extends to both sides of a number ¢. In
order for f to have a limit L as x approaches ¢, the values of f(x) must approach the value
L as x approaches ¢ [rom either side. Because of this, we sometimes say that the limit is
two-sided.

If f fails to have a two-sided limit at ¢, it may still have a one-sided limit, that is, a
limit if the approach is only from one side. If the approach is from the right, the limit is a
right-hand limit or limit from the right. From the left, it is a left-hand limit or limit
from the left.

X, if x=0
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- % FIGURE 2.24 Different right-hand and
left-hand limits at the origin.



The function f(x) = x/|x (Figure 2.24) has limit 1 as x approaches 0 from the right,
and limit — 1 as x approaches 0 from the left. Since these one-sided limit values are not the
same, there is no single number that f(x) approaches as x approaches 0. So f(x) does not
have a (two-sided) limit at 0.

Intuitively, if we only consider the values of f(x) on an interval (¢, b), where ¢ < b,
and the values of f(x) become arbitrarily close to L as x approaches ¢ from within that
interval, then f has right-hand limit L at ¢. Tn this case we write

lim f(x) = L.

X—
The notation “x — ¢*” means that we consider only values of f(x) for x greater than c. We
don’t consider values of f(x) for x = ¢.

Similarly, if f(x) is defined on an interval (a, ¢), where @ << ¢ and f(x) approaches
arbitrarily close to M as x approaches ¢ from within that interval, then f has left-hand
limit M at ¢. We write

lim f(x) = M.

X=—>"

The notation “x — ¢ means that we consider only values of f(x) for x greater than ¢. We
don’t consider values of f(x) for x = ¢.

Similarly, if f(x) is defined on an interval (4, ¢), where a << ¢ and f(x) approaches
arbitrarily close to M as x approaches ¢ from within that interval, then f has left-hand
limit M at ¢. We write

lim f(x) = M.
X—>C

The symbol “x — ¢~ means that we consider the values of f only at x-values less than c.

These informal definitions of one-sided limits are illustrated in Figure 2.25. For the
function f(x) = x/|x| in Figure 2.24 we have

.li‘{} flx) =1 and Iing_ f(x) = —1.

et
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FIGURE 2.25 (a) Right-hand limit as x approaches ¢. (b) Left-hand limit as x
approaches e.

We now give the definition of the limit of a function at a boundary point of its domain.
This definition is consistent with limits at boundary points of regions in the plane and in
space, as we will see in Chapter 14. When the domain of f is an interval lying to the left of
¢, such as (a, c] or (a, ¢), then we say that f has a limit at ¢ if it has a left-hand limit at c.
Similarly, if the domain of f is an interval lying to the right of ¢, such as [¢, b) or (¢, b),
then we say that f has a limit at ¢ if it has a right-hand limit at c.

EXAMPLE 1 The domain of f(x) = V4 — x*is [—2, 2]; its graph is the semicircle
in Figure 2.26. We have
lim V4 —x*=0  and lim V4 — x2 = 0.
x——2 x—2

This function has a two-sided limit at each point in (—2, 2). It has a left-hand limit at
x = 2 and a right-hand limit at x = —2. The function does not have a left-hand limit at
x = —2 or aright-hand limit at x = 2. It does not have a two-sided limit at either —2 or 2
because f is not defined on both sides of these points. At the domain boundary points,

where the domain is an interval on one side of the point, we have lim,_, , Va4 — 2 =0
and lim,_,V4 — x* = 0. The function f does have a limitat x = —2andatx = 2. MW
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FIGURE 2.26 The function
f(x) = V4 — x* has a right-hand limit 0
at x = —2 and a left-hand limitQ at x = 2

(Example 1).

One-sided limits have all the properties listed in Theorem 1 in Section 2.2. The right-hand
limit of the sum of two functions is the sum of their right-hand limits, and so on. The theorems
for limits of polynomials and rational functions hold with one-sided limits, as does the Sand-
wich Theorem. One-sided limits are related to limits at interior points in the following way.

THEOREM 6 Suppose that a function fis defined on an open interval
containing ¢, except perhaps at ¢ itself. Then f(x) has a limit as x approaches ¢

if and only if it has left-hand and right-hand limits there and these one-sided
limits are equal:

lim f(x) = L = lim f(x) = L and lim! f(x) = L.

A=—>L X— X—>(

I
0
FIGURE 2.27 Graph of the function
in Example 2.
Theorem 6 applies at interior points of a function’s domain. At a boundary point of its

domain, a function has a limit when it has an appropriate one-sided limit.

EXAMPLE 2 For the function granhed in Fisure 2.27.



At x

Al x

At x

At x
At x

= 4:

lim, .,y f(x) does not exisL.
lim, .4 f(x) = 1,
lim,_.q f(x) = 1.
bt - F2) =0,
lim,_,;+ f(x) = 1,
lim,_,, f(x) does not exist.
Bi.g= = L,
lim,_,, f(x) = 1,
lim,_,, f(x) = 1.
fx)
- fiCx) = 1,
lim, .4+ f(x) does not exist,
lim,_, 4 f(x) = 1.

lim,_,;

SxD R = ] e e <

T TR T e e

I 115 not defined to the left of a 1],|

f has a right-hand limit at x = 0,
f has a limit at domain endpoint x

Even though fi(1) .

0.

I Right- and left-hand limits are not L'LIlI.'Il.I

Even though f(2) .

= lim,_ 3 f(x) = lim,_; f(x) = f(3) = 2.

Even though fi4) I

£ 15 not defined to the right of a 4,

f has a limit at domain endpoint

At every other point ¢ in [0, 4 ], f(x) has limit f(c).

1
o
FIGURE 2.27
in Example 2.
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FIGURE 2.28 Intervals associated with
the definition of right-hand limit.

Precise Definitions of One-Sided Limits

The formal definition of the limit in Section 2.3 is readily modified for one-sided limits.

DEFINITIONS (a) Assume the domain of f contains an interval (¢, d) to the
right of ¢. We say that f(x) has right-hand limit L at ¢, and write

lim f(x) = L

X—C
if for every number £ > 0 there exists a corresponding number 8 = 0 such that
|f(x) — L] <& whenever ¢ <x <c¢ + 8.

(b) Assume the domain of f contains an interval (b, ¢) to the left of ¢. We say that
f has left-hand limit L at ¢, and write

lim f(x) = L

X=—>C

if for every number € > 0 there exists a corresponding number & > 0 such that

If{):’) = L\ < & whenever ¢ — 6 < x <c.

L+eg
J&x)
S(x) lies

in here



the definition of right-hand limit.

L—&
forall x #¢
n here
Ll A hl
o
'O i T 6
FIGURE 2.28 Intervals associated with

The definitions are illustrated in Figures 2.28 and 2.29.
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forallx# ¢ forallx#=¢
in here | in here
r A : v A
)
X ; x
> ® ) > X e
0 C & '|J' & 0 c— 8

FIGURE 2.28 Intervals associated with

the definition of right-hand limit.

FIGURE 2.29 Intervals associated with

)

the definition of left-hand limit.
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FIGURE 2.30 lim Vx = () in Example 3.

x=0

EXAMPLE 3 Prove that
lim Vx = 0.

x—0!

Solution Let & > 0 be given. Here ¢ = 0 and L = 0, so we want to find a 8 > 0 such
that

|[Vx— 0| <&  whenever 0 < x <3,

or
Vx<eg whenever 0= asid Vi = 0so | Vx| = Vx
Squaring both sides of this last inequality gives
x<g if 0<x<é.

If we choose 6 = & we have

Vx <&  whenever 0<x<38=g¢
or

|\/E -0l <e whenever )< &q

According to the definition, this shows that lim,_,,+Vx = 0 (Figure 2.30). ]

The functions examined so far have had some kind of limit at each point of interest. In
general, that need not be the case.



EXAMPLE 4 Show that y = sin(1/x) has no limit as x approaches zero from either
side (Figure 2.31).

2
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FIGURE 2.31 The function y = sin(1/x) has neither a right-
hand nor a left-hand limit as x approaches zero (Example 4).
The graph here omits values very near the y-axis.

Solution As x approaches zero, its reciprocal, 1 /x, grows without bound and the values
of sin (1 /x) cycle repeatedly from — I to 1. There is no single number L that the function’s
values stay increasingly close to as x approaches zero. This is true even if we restrict x to
positive values or to negative values. The function has neither a right-hand limit nor a left-
hand limit at x = 0. : i

Limits Involving (sin 6)/6

A central fact about (sin #)/6 is that in radian measure its limit as # — 0 is 1. We can see
this in Figure 2.32 and confirm it algebraically using the Sandwich Theorem. You will see the
importance of this limit in Section 3.5, where instantaneous rates of change of the trigono-
metric functions are studied.
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FIGURE 2.32 The graph of f(#) = (sin 8)/6 suggests that the right-
and left-hand limits as @ approaches 0 are both 1.

THEOREM 7 —Limit of the Ratio sin #/6 as # — 0

. sin#
lim =
f—0 0O

] (@ in radians) (1)

Proof The plan is to show that the right-hand and left-hand limits are both 1. Then we
will know that the two-sided limit is 1 as well,

To show that the right-hand limit is 1, we begin with positive values of @ less than
7 /2 (Figure 2.33). Notice that

Area AOAP < area sector OAP < area AOAT.

tan &

=

A(L O

FIGURE 2.33 The ratio TA/OA = tan 8,
and OA = 1,50 TA = tan 8.



We can express these areas in terms of # as follows:

Area AOAP = libuse X height = li(l)(sin g) = lisin 7]

1

Area sector QAP = -

4 = %(1)3@ - 2)

Area AOAT = %base X height =

N = MDD

(I)(tan @) = %tan 6.

The use of radians to measure angles is
essential in Equation (2): The area of
sector QAP is 0/2 only if @ is measured

in radians.
Thus,
L3 8{16<:-1t n 0
2 sm ) D) an .

This last inequality goes the same way 1f we divide all three terms by the number
(1/2) sin@, which is positive, since 0 < # < 7 /2:

0 1
s &
] sin @ cos '

Taking reciprocals reverses the inequalities:

1}¥>c058.

Since limy_,o cos® = 1 (Example 11b, Section 2.2), the Sandwich Theorem gives

. sin#
Iim =
g0+ 6

s

To consider the left-hand limit, we recall that sin @ and 6 are both odd functions
(Section 1.1). Therefore, f(#) =(sin #)/6 is an even function, with a graph symmetric
about the y-axis (see Figure 2.32). This symmetry implies that the left-hand limit at O exists
and has the same value as the right-hand limit:



¥

fin sinf i = Tim sin 6
g0 O g—0" 0

50 limy_,, (sin ) /0 = 1 by Theorem 6.

. cosy — 1] . sin2x 2
EXAMPLE 5  Show that (a) lim —>—— = 0 and (b) lim*22* = 2
v—sl} E xr—0 5_1' 2
Solution
(a) Using the half-angle formula cos y = 1 — 2 sin® (v/2), we calculate
o cosy — 1 ] 2 sin’(y/2)
111‘[‘[‘1;—. = lim — v -
fr—=() e h—0 i
. sinf .
= _.fl;t_t:}]. g Sin f Let & = y/2.
= —(1)(0) = 0. Eqg. (1) and Example 1 1a

in Section 2.2

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a Sx. We produce it by multiplying numerator and denominator by 2/5:

 &in 2x . (2/5)- sin 2x
!T?JT N Eﬂl (2/5)-5x
_ g]im sin 2x Eq. (1) applies with
5l 2% 8 = .
C_»mz =20 =2 #
/|

2

B &S

EXAMPLE 6 Find lim fan ! sec 2t
f—

Solution From the definition of tan f and sec 2f, we have

[y (A 1 S€C 2t _ T 11 sinz 1
1 3t 3 1 COS! cos 2t

—a{l f—s()




_iimsint_ L . _ 1
3.5 1 ©OSt cos 2t

Eq. (1) and Example | 1b 1

in Section 2.2

EXAMPLE 7

Solution

Iim

lim —22 =
BG->0 QiNAY

Show that for nonzero constants A and B.
fisi sin A6 _ A
6—0 SIin BO B
sinAf .. sinAf ., BO 1
- = lim Al —
o0 sin B o0 A6 sin BO BO
. sSInAf BO A
= lmm - i
oo A6 sin BB
. A
= lim (1)(1) 45
80 B
A
B’ Multiply and divide by At/ and Bo.
I.l:'inrhﬂ]&fr = .. with ¥ = A&
[im .” = |, with v BH

o _ 1
I =3z (MHMA) = 3.

p—s(} 5110 1*



2. Which of the following statements about the function y = f(x)
eraphed here are true, and which are false?

y
@
y = f(x)
i
! s ey
=] 2 3
a. lim f(x) =1 b. lim f(x) does not exist.
x——17F —2
c. lim2 flx) = 2 d. ]i]’rll_ f(x) =2
X X—
e. “”I‘... flx) =1 f. 11”{ f(x) does not exist.

6. Jim jo9 = lim 509

h. lim f(x) exists at every ¢ in the open interval (—1, 1).

P et

i. lim f(x) exists at every ¢ in the open interval (I, 3).
N—

j £ lim]_ f(x) =0 K. lin;; f(x) does not exist.
X—— r—

¢
3—x x<2

8, Lt fi] = 4> =2

X oD

o
2‘."

\
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a. Find lim, .- f(x), lim,_,- f(x), and f(2).
b. Does lim,_,, f(x) exist? If so, what is it? If not, why not?
¢. Find lim,, | f(x)and lim,_, _;+ f(x).

d. Does lim,_, | f(x) exist? If so, what is it? If not, why not?

6. Let g(x) = Vo sin(l/x).

y = '\/; sin %

> X

o

=
q|—
SHTNSY

a. Does lim,_ .y g(x) exist? If so, what is it? If not, why not?
b. Does lim, 5 g(x) exist? If so, what is it? If not, why not?

¢. Does lim,_,, g(x) exist? If so, what is it? If not, why not?

x 7= 1

3
I-I ?
=~ F5s M ammads L7 —



Fa gl ‘LJI-{LIJLI UF'L'.AJ - 1
0, x= L.

b. Find lim, ., f(x) and lim,_. - f(x).

¢. Does lim,_,, f(x) exist? If so, what is it? If not, why not?

1 — x° x #= 1
2, x = L.
b. Find lim,_,;+ f(x) and lim,_,,- f(x).

c. Does lim,_,, f(x) exist? If so, what 1s 1t? If not, why not?

8. a. Graph f(x) = {

Graph the functions in Exercises 9 and 10. Then answer these questions.
a. What are the domain and range of f7
b. At what points ¢. if any, does lim__,_ f(x) exist?

c. At what pomts does the left-hand limit exist but not the right-
hand limit?

d. At what points does the right-hand limit exist but not the left-
hand limit?

x:. —1l =x=50 or =x=1
10. f(x) = 4 1, o=
0, <<=l o =l




Finding One-Sided Limits Algebraically
Find the limits in Exercises 11-20.

* | o B Y S =
- E.“?(,wr 1)( X )( 7 )

Ve = V5K + 11k + 6
16. 1111;1 h
T—L




sin x|

. 5. Hm=—
x—0* SINX

sin x|

b. hm ———
—0" SIn X

3 ] —cosx
20. a. Imm

—0" [cosx — 1]

cos x — 1



D. Iim
x—0" ‘ED-S.I = ] ‘

5% {5, S1O V26
=" im0 /24

. SIn ki
24, lim——— (k constant)

f—=1) !

SIn 3y h

25. lim 26. lm —
4y h—(0 S1N 34

2t

28 1 tan 1



3U. Iim 6x=(col x)(csc 2Zx)

K==}

> — x + sin x

32. hm- -
x—=() 2x
. X —  XEL)s. X
34. hm

- Ty :
x—0 81N~ 3x

~sin(sin h)
36. lim :
h—( SINn A

v SIN X i .
38. lim — 40. [1m sin @ cot 26
e sf) SINAX AT

~sIn 3y cot Sy
42. lmm
y—0 ycotdy

tan ¢

P o o

43. Iim




0—0 H= COL A

. 6 cot 440
4. lm —; =
#—0 sin- @ cot” 26

45. lim ] = 2
x—() Lk,

COSZX — COS X

2

46. Iim

x—0 X



2. Which of the following statements about the function y = f(x)
eraphed here are true, and which are false?

o
: — !
=1 3
a. lim f(x) = 1 True b. lim f(x) does not exist. False
x——1 x—2
c. llm f(x) = 2 False d. Iim f(x) = 2True
J=—a7 Xx=1"
e. lim f(x) = 1True f. lim f(x) does not exist. True
x—> 1Y x—1

g. lirg+ flx) = ]il‘i{‘)t_ f(x)True

h. lim f(x) exists at every ¢ in the open interval (—1, 1).True

S

i. lim f(x) exists at every ¢ in the open interval (1, 3). False

A—
j-  lim f(x) = OFalse kK. lim f(x) does not exist. True
x——1" x—»37

(3—,\:, X <2
& Lt Fi) = 4 > x =2
¥ 2

N

i
2'.'

\
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-2 0 s
a. Find lim, .- f(x), lim,_, f(x), and f(2).
b. Does lim,_,, f(x) exist? If so, what is it? If not, why not?
¢. Find lim,_, ; f(x) and lim,_, + f(x).
d. Does lim,_, | f(x) exist? If so, what is it? If not, why not?

bt
| | I 2
@
=
I
bl

L
-

I
~J
—
b

P limsm= 1t fim Sg0=|
X2 ¥> 2}

i SO)= 1= Jim 3
X927 A



' lim S0 =
b. .. %2

Despile that $(2)=2

C.) s()=3-X, X<2

lim 5= Jim_(3=%) = 3-(-D=3+1= 4
X>-| %2-|

lim HX)= limn (3,_1) = 3—(-1)= >+ \= Y
- | Y- |t

d. The Yim £ does exist becayse

%=\

i S0 = U= lim 3(x)

Y- x>-|*



. lim $00=Y

¥->-\

a. Does lim, .y g(x) exist? If so, what is it? If not, why not?
b. Does lim,_,; g(x) exist? If so, what is it? If not, why not?

¢. Does lim,_,, g(x) exist? If so, what is it? If not, why not?

@) -l £ sind)=l



i £ sin(3) £ XeinE)

lin -x=0 & limyx=0
Q¥ x>0

By the Sandwich Theorm o Squesze
Theorem

lim ﬁSiNGAZ O

%> 0+

b, lim Weinfl) does not exist because
%>

— AdAa_-_- ..-.,-rl- n\r:f‘l‘ 'lnrl\PIﬁ V/n
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Theretare

[imyxsin(k) is not detined
40}

hecauze VX does nat exist when %<0

¢. Does lim,_,, g(x) exist? If so, what is it? If not, why not?

Iim ﬁsin(-,';) does not exist bec&use,
X0

lim {Xsin(l) daes not exist because
\270)

& does nat exist when x<O



x, 7 1
0, xn= L
b. Find lim, ,; f(x) and lim._, - f(x).

¢. Does lim,_,, f(x) exist? If so, what is it? If not, why not?

7. a. Graph f(x) = {

i

b, fimJ0=1 & limS®x=

%>~ ¥ It

C. lim S=1 because xlwlﬁf(x1=|=h,?5(x)

)
Yo | d X->)



1. = &2 x #= 1
.0 x = l.
b. Find lim,__ ;- f(x) and lim, .- f(x).

¢. Does lim,_,; f(x) exist? If so, what 1s 1t? If not, why not?

8. a. Graph f(x) = {

a T
L

D, $N=1-% %=

lim 30=0 & i 300=10

> | x> |t



lim 300=0 because lim3MH=Q a lim 5x=0

%= | Yo | x> I*

Graph the functions in Exercises 9 and 10. Then answer these questions.
a. What are the domain and range of f7
b. At what points c. if any, does lim__, . f(x) exist?

c. At what points does the left-hand limit exist but not the right-
hand limit?

d. At what points does the right-hand limit exist but not the left-
hand limit?

x —l == or 0==x=1
10. f(x) = < 1, xo=
0, ¥<—=l o =]

(1,1)

v/



\ '

(-1,-1)

d'
Domain: —OI X< OO

hanae: -1£ Naad

b.
i_‘;g 563 exists Far ¢ belonging to

0o-1) U (-1,1) u( 4D



C. Nore

limS0=0 % lim 50=-)

> - ¥2-"

lim S0= | v | _

oF x\elT‘: 5060=0
d. None

lim SM=-1 ¢ lim&d=0
Y- Y% - |

\iﬁ: SN0 » _.li‘n.rl 560)= |



x| %

; f'x — ] | -1
2. lim s "
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% is an indeterminant form.
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X< | x>l

%-14¢0 %-170

, \/i{_;r. = 1)
18. a. lim

st =1

x>1 - |x-1]= (x-)

Sowm\fe




X7 A\~ = |7

V2x(x — 1)

r— 1" ‘.II — 1[

50 we have




19.) _
y = sinx

RS 2N
SBZd

sin x

19. a. limm .
—0t SIN X

SINYX , When O<X 4T
‘ﬁwx,:
~SINX, When -TT4X<O

\ﬂNxt: éhﬁc:|

o InYy

lim .




X=>()' SINA Qmun

v 0 Sin x| _ginx |
- 111 . - : = -
v~ Sinx O

_

|cosx-1|= ~ (cosx-1) when % (0
k

when X2 0'



1] — {Us Xk

a. him
x—>0" |Eosx = 1)

= ~(cosx-1) |~ COSX

. cos X — ]
b. lIm
—0" cosxy — | ‘
COSK—| _

~ —(cosx-1)
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—0 /20
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28. lim -
() lan ¢

= lim t
Jt\ﬂ)o eHcot®

_ lim  2tcos®




= lim (2cos®) (’é_;wib

>0

= Z'COSO'%—)

=2+

30. lim 6x°(cot x)(csc 2x)

x—)









X — XCOS X

- 7~
x—=() ST 2X

m (=09 _ iy %(1-C08%
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